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ERGODIC PROPERTIES OF POISSONIAN ID PROCESSES 

By Emmanuel Roy 

Universite Paris 13 

We show that a stationary IDp process (i.e., an infinitely divisible 
stationary process without Gaussian part) can be written as the inde- 
pendent sum of four stationary IDp processes, each of them belonging 
to a different class characterized by its Levy measure. The ergodic 
properties of each class are, respectively, nonergodicity, weak mixing, 
mixing of all order and Bernoullicity. To obtain these results, we use 
the representation of an IDp process as an integral with respect to 
a Poisson measure, which, more generally, has led us to study basic 
ergodic properties of these objects. 

1. Introduction. A stochastic process is said to be infinitely divisible 
(ID) if, for any positive integer k, it equals, in distribution, the sum of 
k independent and identically distributed processes. These processes are 
fundamental objects in probability theory, the most popular being the in- 
tensively studied Levy processes (see, e.g., [19]). We will focus here on ID 
stationary processes {X n } n£ z- Stationary Gaussian processes have a partic- 
ular place among stationary ID processes and have already been the subject 
of very deep studies (see [7] for recent results). We will concentrate on non- 
Gaussian ID processes; Maruyama [8] first started their study. Since the 
late eighties many authors are looking for criteria of ergodicity, weak mixing 
or mixing of a general ID process, exhibiting examples, studying particular 
sub-families [mainly symmetric a-stable (SaS) processes]. We mention the 
result of Rosihski and Zak [17] which shows the equivalence of ergodicity and 
weak mixing for general ID processes. Some factorizations (for the convolu- 
tion product) have been obtained in the SaS case, in particular, Rosihski 
[13] has shown that a SaS process can be written in a unique way as the 
independent sum of three SaS processes, one being called mixed moving 
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average (which is mixing), the second harmonizable (nonergodic) and the 
third not in the aforementioned categories and which is potentially the most 
interesting (see [15]) (note that Rosihski has developed, in [14], a multidi- 
mensional version of this factorization). Recently, this third part has been 
split by Pipiras and Taqqu (see [12]) and Samorodnitsky managed to isolate 
(through a factorization) the "maximal" ergodic component of a SaS pro- 
cess (see [18]). Factorizations already appeared in [9], where the ID objects 
were ID point processes. 

The fundamental tool in the study of a non-Gaussian ID process is its Levy 
measure. In the stationary case, its existence has been shown by Maruyama 
in [8]: it is a (shift-)stationary measure on M z , which might be infinite, 
related to the distribution of the ID process by the characteristic functions 
of its finite-dimensional distributions through an extended Levy-Khintchine 
formula. A general ID process is the independent sum of a Gaussian process 
and a Poissonian (IDp) process, the latter being uniquely determined by its 
Levy measure. Reciprocally, if we are given a (shift-)stationary measure on 
R z , under some mild conditions, it can be seen as the Levy measure of a 
unique IDp stationary process. 

Our main result consists in establishing the following factorization re- 
sult: every IDp stationary process can be written in a unique way as the 
independent sum of four IDp processes which are, respectively, nonergodic, 
weakly mixing, mixing (of all order) and Bernoulli (Theorem 5.5 and Propo- 
sition 5.7). 

The proof is divided in several steps which have their own interest. The 
first step is based on the following remark: if the support of the Levy measure 
can be partitioned into invariant sets, then the restrictions to these sets of 
the measure are the Levy measures of processes that form a factorization of 
the initial process. We point out here that it may happen that a stationary 
ID process can be factorizable into infinitely many components, however, 
we only consider factorizations that make sense in terms of ergodic behavior 
of each class. It is remarkable that those distinct behaviors are naturally 
linked to those of the corresponding Levy measures. Thus, it is essential to 
get a better understanding of general dynamical systems (particularly with 
infinite measure) and to study decompositions along their invariant sets. 
Section 2 presents some elements of ergodic theory. In particular, we recall 
a decomposition, mostly due to Hopf, Krengel and Sucheston (see [6]), of 
an invariant measure into the sum four invariant measures which are the 
restrictions of the initial measure to as many invariant sets with distinctive 
properties (Proposition 2.11). Section 3 presents some basic facts of spectral 
theory that will be used later. There are no new results in Sections 2 and 3. 

Then, back to Levy measures, we have to link the different categories 
to the corresponding ergodic properties of the underlying ID process. To 
do so, we use the representation due to Maruyama [8] of any IDp process 
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as a stochastic integral with respect to the Poisson measure with the Levy 
measure as intensity. In ergodic terms, we will say that an IDp process is 
a factor of the Poisson suspension constructed above its Levy measure. We 
thus are led to a specific study of Poisson suspensions built above dynam- 
ical systems that is the subject of Section 4. This study is mostly based 
upon the particular structure of the associated L 2 -space, which admits a 
chaotic decomposition: the Fock factorization of the L 2 -space associated to 
the underlying dynamical system. This preliminary work allows us to eluci- 
date absence of ergodicity, weak mixing and mixing of all order of a Poisson 
suspension. We also give a criterion for the Bernoulli property. 

In Section 5 we first recall the basic facts on infinitely divisible processes 
and then apply the results of the preceding sections to their Levy measure. 
Thanks to our factorization, ergodic properties can be easily derived. In 
Section 6 we give an explicit form of all stationary IDp processes with a 
dissipative Levy measure. In cases where the process is square integrable, 
some spectral criteria for ergodic behaviors can be established (Section 7). 

In Section 8 were the a-stable case is treated, we show that our fac- 
torization preserves the distributional properties, that is, each of the four 
components is a-stable. We can thus replace in this context the previously 
obtained factorization of Rosihski [13] , as well as the refinements of Pipiras 
and Taqqu [12] and Samorodnitsky [18]. 

2. Elements of ergodic theory. Let be a cr-finite Lebesgue space 

in the following sense: there exists a probability measure v, equivalent to fi, 
such that (£l,J-, v) is a Lebesgue space in its traditional acceptation. Let T 
be a bijective bimeasurable transformation that preserves \x. The quadruplet 
fi,T) is called dynamical system, or system for short. 

The aim of this section is to introduce basic notions and terminology used 
in the study of dynamical systems. We first concentrate on the structure 
of a general dynamical system that will lead us to the decomposition in 
Proposition 2.11 which is a compilation of known results. The rest of the 
section is devoted to notions specific to dynamical systems with a probability 
measure. The book of Aaronson [1] covers most of the definitions and results 
exposed here. 

In the following, if (j) is a measurable map defined on fJ,,T), the 

image measure of \i by (j> is denoted 

2.1. Factors, isomorphic systems. Consider another dynamical system 

Definition 2.1. Call (O', F',n',T') a factor of (Q,T,fi,T) if there ex- 
ists a map cp, measurable from (fi,.7 r ) to (Vl',^') such that (f*(^) = fjf and 
ip o T = T' o ip. If ip is invertible, then (Q, T , fi, T) and (0', T' , //, T') are said 
to be isomorphic. 
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2.2. Ergodicity. 

Definition 2.2. The invariant a -field of (0,JF, /x,T) is the sub-cx-field 
X of T that contains the sets A G T such that T~ l A = A {A is said to be 
T -invariant). 

This definition leads to the following one: 

Definition 2.3. (0,X", /i,T) is said to be ergodic if, for all set Ael, 
fj,(A) = or fi(A c ) = 0. 

2.3. Dissipative and conservative transformations. 

Definition 2.4. A set A G X" is called a wandering set if the sets 
n g^ are disjoint. 

We denote by D the (measurable) union of all the wandering sets for T, 
this set is T-invariant. Its complement is denoted by (£. 

Definition 2.5. We call ($7,X", /x,T) dissipative if T) = Q mod. fj,. If 
£ = Q mod. /i, then (Q, J 7 , n,T) is said conservative. 

Lemma 2.6. There exists a wandering set W such that D = \J n& zT~ n W 
mod. fi. 

Proposition 2.7 (Hopf decomposition). The Hopf decomposition is the 
partition {23, <£}. 

(0,^", //|j),T) is dissipative and ($l,J-,[i\£,T) is conservative. 

2.4. Type Hi and type IIoo- The following proposition is a consequence 
of the decomposition found in [1], page 47. 

Proposition 2.8. Let (Q,X", //,T) be a dynamical system. There exists 
a unique partition M} of in T-invariant sets such that there exists 
a T-invariant probability measure equivalent to /i\<g and that there does not 
exist a nonzero T-invariant probability measure absolutely continuous with 
respect to fj,\j^. We have ip C C and 23 Cftf. (f2, J 7 , /U|<p, T) is said to be of 
type Hi and (fi^/i^T) of type IIoo. 

Remark. We use the notion of type IIqo in an abusive manner since 
it includes dissipative transformations. However it is very convenient in our 
context. 



ERGODIC PROPERTIES OF IDP PROCESSES 



5 



2.5. Zero type and positive type. 

Definition 2.9. Let (Cl,F,ii,T) be a dynamical system. 

(fi, J 7 , /i, T) is said to be of zero type if, for all A G J 7 such that < < 
+oo, /x(A n T~ k A) ^Oasfc tends to +oo. 

(O, F, /i, T) is said to be of positive type if, for all A S .F such that n(A) > 
0, IinT^ oo ^(AnT" fe ^)>0. 

Remark. By using similar arguments as in Theorem 5.5, page 58 in 
[11], it is easy to see that (Q,J-,fj,,T) is of zero type if and only if, for all 
A, B £ T such that < fj,(A) < +oo and < fi(B) < +oo, fx(A n T~ k B) -> 
as k tends to +oo. 

Krengel and Sucheston obtained the following decomposition (see [6], 
page 155): 

Proposition 2.10. There exists a partition {A/"o,A/+} offl in T -invariant 
sets such that (0,F, /iijV ,T) [resp. (fi, J 7 , //u/-,, T)] is of zero type (resp. of 
positive type). We have D C A/o and C A/+ C £. 

Note that Aaronson in [1] calls positive part, the part of type Hi and null 
part, the part of type IIoo- 

We can group all these decompositions in the following proposition: 

Proposition 2.11 (Canonical decomposition). Let (0,F, /x,T) be a dy- 
namical system. By defining /j, B ■= Mm := M|A/bn<£> Vwm ■= M|JV+rW anrf 
/x ne := yLiisp fiZzis choice of notation is motivated by Theorem 4.8), we can 
write, in a unique way, 

(A — I^B T l-l>m i fJ"wm T" l^nei 

where: 

(fl,J-,IJ,B,T) is dissipative. 

fj, m ,T) is conservative of zero type. 
{n,J r ,^ wm - l T) is of positive and 11^ type. 
(fi, F,/x ne ,r) is o/fype Hi. 

Remark. Note that none of these categories is empty, [5] provides var- 
ious examples of conservative type IIqo dynamical systems. 
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2.6. The case of a probability measure. We assume here that fi(£l) = 1. 

Theorem 2.12 (Birkhoff ergodic theorem). Let f £ L x (fj), then, [i-a.e. 
and in L 1 ^) 

1 n 

lim - J2f°T k = f,(f\l), 

n— >oo n — 
fc=l 

where fj,(f\I) is the conditional expectation of f with respect to the invariant 
a-algebra. 

Definition 2.13. (p,,J-,/j,,T) is said to be weakly mixing if, for all 
A, Be J 7 , 

1 n 

lim -Y\fi(AnT~ k B)-fi(A)^(B)\=0. 

n — >oo 77, ^ — * 
k=l 

(Q, J 7 , fx, T) is said to be mixing of order m if, for all A\, . . . , A m £ T , for 
all strictly increasing sequences of integer rii ; k, ■ ■ ■ ,n m ,k, 

lim \ii{T n ^A 1 n • • • n T n ^ + -+ n ^A m ) - n(Ai) ■ ■ ■ n(Am)\ = 0. 

(£1, J-, fx, T) is said to be mixing if it is mixing of order 2, that is, if for all 
A, B £ F, 

lim yinr n B)-^(iWB)|=o. 

n — >oo 

We now introduce a dynamical system that will constantly be used in the 
paper. We consider here the space K z of Z-indexed sequences. The natural 
a- algebra is the product a-algebra B® z , where B is the natural Borel a- 
algebra on M. The transformation is the shift T that acts in the following 

way: 

T{xi} i( zz = {xi+i}iaz- 

The dynamical system (M. z ,B® Z , [i,T) is the canonical space of the sta- 
tionary process of distribution \i. 

Definition 2.14. The system associated to an i.i.d. process is called 
a Bernoulli scheme. A system (£l,J-, H,T) is said to be Bernoulli if it is 
isomorphic to a Bernoulli scheme. 

We end this section by the following proposition: 

Proposition 2.15. We have the implications: 

Bernoulli => mixing of order n=> mixing weakly mixing ergodic. 
Moreover, these six properties are shared by all the factors. 
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3. Spectral theory. Here we only give results that will be needed in the 
rest of the paper. See [2] and [1] for details and proofs. 

3.1. Hilbert space, unitary operator and spectral measure. We consider a 
complex Hilbert space (H, (•)) endowed with a unitary operator U. To each 
vector f £ H, we can associate a finite measure <7/ on [— ir,n[, called the 
spectral measure of f by the formula 

a f (n):=(U n f,f)= [ e^o f (dx). 

Let C(f) be the closure of the linear space generated by the family 
{U n f}nez, C(f) is called the cyclic space of /. We summarize the following 
properties in the following proposition: 

Proposition 3.1. There exists an isomorphism (f> between C(f) and 
L 2 (af) with 4>(f) = 1 and such that the unitary operator h t— > e l 'h on L 2 (af) 
is conjugate to U by (p. 

3.2. Maximal spectral type. On (H,{-),U) there exists a finite measure 
<tm such that, for all / G H, Uf <S um- The (equivalence class of the) measure 
ctm is called the maximal spectral type of (H, (■), U). Moreover, for all finite 
measures a <C cm, there exists a vector g such that a g = a. 

3.3. Application to ergodic theory. A dynamical system (£l,J-, n,T) in- 
duces a complex Hilbert space, the space L 2 (fi) endowed with a unitary 
operator U :/h/oT. 

3.3.1. The case of a probability measure. We restrict the study to the or- 
thocomplement of the constant functions in L 2 (n). That is, we note L^fi) := 
L 2 (/i) © C(l) and we call reduced maximal spectral type of (fl,J-,fj,,T) the 
maximal spectral type of U). We recover the following ergodic prop- 
erties on the reduced maximal spectral type om'- 

Proposition 3.2. (Vi,T,ii,T) is ergodic if and only i/o"A/{0} = 0. 
(CI, J 7 , H,T) is weakly mixing if and only if om is continuous. 
(Cl,F,n,T) is mixing if and only if um is a Rajchman measure [i.e., 
&f(n) — > as \n\ tends to +oo]. 

3.3.2. The infinite measure case. Since constant nonzero functions are 
not in L 2 (/i), we do not impose the restriction made in the preceding section. 
IIoo and zero types are spectral properties: 
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Proposition 3.3. (Cl,J-,fj,,T) is of type IIqo if and only if o~m is con- 
tinuous and this condition is also equivalent to <tm{0} = 0. 
(Cl,J-, fi,T) is of zero type if and only if ' o~m is Rajchman. 

Proof. The fact that (CI,J-,ijl,T) is of type IIqo if and only if o~m is 
continuous can be found in [1], page 74. 

We now prove that <tm{0} = implies that um is continuous. Assume 
that <7m is not continuous, then (CI, J 7 , fi, T) is not of type IIoo> that is, there 
exists a T-invariant probability measure v such that v -C fx. The function 
is in L 2 (fi) and, since it is T-invariant, its spectral measure is the Dirac 
mass at 0. 

The proof of the last statement on zero type systems is completely similar 
to the mixing case for probability preserving systems (see, e.g., pages 57-58 
in [11]). □ 

4. Poisson suspensions. In this section we will recall basic facts on the 
intensively studied Poisson measures, which are random discrete measures 
on an underlying measure space. The particular case we are interested in, 
that is, when the distribution of the Poisson measure is preserved by a well 
chosen transformation (and then called Poisson suspension), has received 
much less attention ([2] provides a few pages on Poisson suspensions and 
references, mainly under the scope of statistical mechanics). The particular 
form, in chaos, of the L 2 -space associated to the Poisson suspension allows 
a useful spectral analysis similar to the Gaussian case. 

4.1. Definitions. We consider a cr-finite Lebesgue space (Cl,J-,n). Let 
{A n } n< z^ be a countable measurable partition of Cl such that fJ,(A n ) < oo for 
all n 6 N and let (Mn,Aip) be the space of measures v on {Cl,T) satisfying 
v(A n ) £ N for all n S N. is the smallest cr-algebra on such that the 
mappings v — > v(A) are measurable for all A £ T of finite //-measure. We 
denote by N the identity on (Mq,M^). 

Definition 4.1. We call Poisson measure the triplet (Ma,M.^,V^), 
where Vp, is the unique probability measure such that, for all finite collec- 
tions {Ai} of elements belonging to disjoint and of finite //-measure, the 
{N(Ai)} are independent and distributed as the Poisson law of parameter 
(x{Ai). The underlying space (CI, J 7 , fi) will be called the base. 

Assume now that T is an invertible and measure preserving transforma- 
tion on (Cl,^F, //); it is easily verified that the map T* defined on Mn by 
T*(v) = v o T^ 1 is also a bijective transformation which preserves the prob- 
ability Vfj,. 
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Definition 4.2. The dynamical system (M^, M^jV^T*) is called the 
Poisson suspension above the base (Q,J-,fj,,T). 

4.2. Product structure. The independence properties of a Poisson sus- 
pension along invariant subsets imply the following: 

Lemma 4.3. Let (Q,J-,ij,,T) be a dynamical system and suppose there 
exists a partition {f2i}i<i<fc of Q into k T -invariant sets of nonzero fi- 
measure. 

Then (Mn,7W^-,'Pu ) T*) is isomorphic to the direct product 
(M^,Mf,V mo ® • • • ® V mh , T* x • • • x r*). 

4.3. General L? properties of a Poisson suspension. In this section we 
recall the basic facts on the Fock space structure of the L 2 -space associated 
to a Poisson measure (Mq, Mj^jV^). Section 10.4 in [10] is a reference for 
this section. 

4.3.1. Fock factorization. 

Definition 4.4. The Fock factorization of the Hilbert space K is the 
Hilbert space expK given by 

expK := e°K © & l K • • • & n K © • • • , 

where & n K is the nth symmetric tensor power of K and is called the nth 
chaos, with &°K = C. 

On expK, the set of exponential vectors is particularly important 
£ h :=l@h® <8> h) © • ■ • © — U(/i ® • ■ • ® /t) ■ • ■ 

for heK. 

They form a linearly dense part in expK and satisfy the identity 

(£h,£ g ) exp K = exp(h,g) K - 

Now suppose we are given an operator U on K with norm at most 1, it 
extends naturally to an operator U on expK called the exponential of U , 
by acting on each chaos via the formula 

U(h ® • • • ® h) = {Uh) <g) • • • ® (£/7i) 

leading to the identity, 
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4.3.2. Fock space structure of L 2 ('P /i ). Call A n the diagonal in O n (the 
n-uplets with identical coordinates). Multiple integrals, for / in L 1 ^) n 
L 2 (/i), are defined by 

j(n) (/) 

■■=!■■! f(xi)---f(x n ){N{dx l )-u(dx l ))---(N{dx n )-n(dx n )). 
J ^ 

Theorem 4.5. There exists an isometry between L? (V^) and exp[L 2 (/x)] 
mapping J^ n \f) to \/n!/ (8) • • • ® / /or any n > 1 and / in L 1 ^) n L 2 (fi). 

n times 

We thus have the isometry formula: 

(jW(/),jW(a)) L2(PM) = n!((/,a) i2(M) ) n l n=p . 

Call fj the set of functions fo, finite linear combination of indicator func- 
tions of elements of T with finite //-measure. Through the natural isometry, 
the exponential vectors Eh are 

£ h (y)=exp(- [ hdf?jY[(l + h(x)). 

They form a linearly dense part in L 2 ('P ft ), moreover, [5^] = 1. 

4.4. Spectral properties of a Poisson suspension. We now consider the 
case of a dynamical system (O, T, u, T) and its associated Poisson suspension 
(Mq, Vu,T*)- It is obvious that the unitary operator / ^ f oT* acting 
on L 2 ('P /i ) is the exponential of the corresponding unitary operator on L 2 (//), 
jhjoT, From this simple remark, it can be deduced, as in the Gaussian 
case (see Chapter 14 in [2] for details), with the following very important 
properties: 

Proposition 4.6. If cm is the maximal spectral type of (fi,./ 7 , /u,T), 
then on the nth chaos, the maximal spectral type of U is ■ The (re- 
duced) maximal spectral type of the Poisson suspension {Mo,,M.^,Vf J ,,T k ) 
is e(cr M ) :=E n >i^lr 

4.5. Ergodic properties of a Poisson suspension. In this section we con- 
sider a system (Mq, M.^,Vfj,,T*) , where a = u B + fj, m + a wm + u ne from 
the decomposition in Proposition 2.11. Lemma 4.3 immediately implies the 
following: 

Proposition 4.7. (Mn,M^,V^ l ,T' k ) is isomorphic to 

(M&,Mf,V» B ®V flm ®V thl!m ®V t t nil ,T* xT*xT*x T*). 
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We now look at the ergodic properties in each class: 

Theorem 4.8. (Mn,,Mjr,'P Atne ,T*) is not ergodic. 
(MQ,Aij^,Va wm ,T k ) is weakly mixing, not mixing. 
(MQ,Ai^,Vfi m ,T*) is mixing of all orders. 
(Mn,M^,Vfj, B ,T*) is Bernoulli. 

Proof. Since (fi, T, fj, ne ,T) is not of type IIoo, from Proposition 3.3, 
its maximal spectral type has an atom at and this implies that, thanks 
to Proposition 4.6, this atom at is part of the (reduced) maximal spectral 
type of (MQ,A4jr 1 'P flnel T*) and thus prevents ergodicity. 

The fact that (Mn,MF,V[j, wm ,T*) is weakly mixing is a direct conse- 
quence of the successive application of Propositions 3.3, 4.6 and 3.2. Since 
o~m is not Rajchman, it cannot be mixing. 

If now we consider (Q,J 7 ,fj, m ,T), this system is of zero type, that is to 
say, for all A G T , B £ T of finite /i-measure, jJ, m {A n T~ k B) tends to as 
k tends to infinity. 

We are going to generalize the identity {£ h ,£ g ) L 2(j>^ m ) = exp{h,g) L 2^ m y. 

^Vy.J&hxZhi • ■ • £h n ] 

= exp ^ J dfj, m H 

l<il<i2<n 

+ Yl J hi 1 ---hi n d(j, m . 

I<il<i2<-<in<n 

We show, more generally, the following formula for functions hi, ■ . ■ ,h n of 

Sj: 

= £(i+h 1 )(i+/i 2 )---(i+M-i ex P Yl J fl i 1 hi2dfi m -\ 

l<il<i2<n 

+ E j h h ---h in dii m . 

l<U<?2<-"<in<™ 

At rank 2, the computation is easy; let n > 2 and suppose that the formula 
is true at this rank. 

Let hi,...,h n , h n+ i be functions in fj. 

We first evaluate £(i+hi)(i+h2)—(i+hn)-i^hn+i- The formula, at rank 2, 
gives us 

^(l+ftl)(l+ft 2 )-(l+/ln)-l^n+l 
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= exp / h n+ i((l + hi)(l +h 2 )- •• (1 + h n ) - l)dfj, m 

x £(i+h 1 )(i+h 2 )-(i+h n ){i+h n+1 )-i- 
But exp / h n+ i((l + /ii)(l + ^2) • • ■ (1 + ^n) — 1) ^Mm equals 

n r 

exp^] / hih n+1 dn m -\ 

i=l 

I<ii<i2<--<in<n 

Combining this result with the formula at rank n, we show that the for- 
mula is true at rank n + 1 and this ends the proof by recurrence. 

To show mixing of order n with the functions £f ll , • • • , £ h n with h\ , . . . , h n 
in fj, take n strictly increasing sequences of integers pi } k, ■ ■ ■ ,Pn,k and denote 
by a i,k - = Pik + • ■ • +Pi,fc- We have to show that 

E Pfim [£ hl o T* a ^£ h2 o T* a ^ . . .£ hn o r* a '^] tends to 

E^J£ hl ]---E^J£ hn } = l. 

But 

Ep Mm [f hl o T* a ^£ h2 o T* a ^ • • • £ hn o T^«. fc ] 

= [ £ h 1 oT a ^k£ h2oT a 2,k ■ ■■£h n oT a n,k] 

and then, from the preceding formula, we have to show that quantities of 
the kind / hi o T a ^ k ■■■hjo T a ^ k dfi m , i < j, tend to 0. 

The functions hi are finite linear combinations of indicator functions of 
sets of finite ^-measure, then, expanding the integral J hi o T ai - k ■ ■ ■ hj o 
T a i' k dLi m , we obtain a finite linear combination of quantities of the kind 
[i m {T~ ai > k A\ n • • • n T~ a 3' k A m ). But these quantities tend to since 

UmiT-^At n • • • n T' a ^A m ) < i i m (T~ a ^ k A l n T~ a ^A m ) 

and 

/ i m (r-°^A i n T~^ k A m ) = n r*w+-+^A m ). 

We thus have the mixing of order n on the exponential vectors £ h x , • • • , £ h n , 
and, by standard approximation arguments, taking advantage of the prop- 
erties of these vectors, we get mixing of order n for the suspension. 

(£1, J-~, hb,T) is dissipative, so, from Lemma 2.6, there exists a wandering 
set W such that Q = \] n&l T~ n W mod. /ig. Denote by W the cr-field gen- 
erated by A G T such that A C W. Then Aiyy generates M.jr (i.e., Aijr = 
\J neZ T*~ n A4w) and, thanks to the independence properties of a Poisson 
measure, the a-fields T*~ n M.yy ar e independent. Hence, {M<a,M. :F ,V llB ,T~ k ) 
is Bernoulli. □ 
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Remark. The content of this theorem is apparently due to Mar chat in 
his Ph.D. dissertation as pointed out by Grabinski in [4], we have heard of 
Grabinski's paper, which is cited nowhere, at the "Galley proofs" stage of 
the preparation of this document. 

A direct consequence of this theorem is that a Poisson suspension is er- 
godic (and weakly mixing) if and only if the base is IIqo- This has also been 
proved in [3] which contains also results of modern ergodic theory on Poisson 
suspensions. 

5. Infinitely divisible stationary processes. After a few generalities on 
stationary processes, we next introduce the notion of infinite divisibility for 
these processes which is an immediate generalization of the finite-dimensional 
case (the book of K. Sato [19] is a reference on this vast subject). The ac- 
companying tools such as the Levy measure find its equivalent notion for 
processes as shown by Maruyama in [8]. This measure is the key object that 
will allow us to connect results of the preceding sections to prove Theorem 
5.5, which was the motivation for this work, and to deduce their ergodic 
properties in Theorem 5.7. 

5.1. Dynamical system associated to a stationary stochastic process. We 
consider (M. Z ,B® Z , /x,T) introduced in Section 2.6, fi may be infinite. When 
we will deal with stationary processes, only the measure will change through- 
out the study and, to simplify, we will often use it to designate such a system. 
Affirmations such as "/i is ergodic" or is dissipative" will be shortening 
of "(R z ,0® z , //,T) is ergodic" or ll {R z ,B® z ,fi,T) is dissipative." We will try 
to keep the notation X := {X o T n } n& for the identity on (R Z ,B® Z ), X 
being the "coordinate at 0" map {xi} i& (->• x . X, {X n } n& , {X oT n } n£ z, 
H or (R z , B® z , /i, T) is essentially the same object. 

5.2. Convolution of processes. We consider the mapping "sum" with val- 
ues in (R Z ,B® Z ) which associates {xi + yi} i& to ({xi} ieZ , {yi}iez)- Given 
two distributions Pi and P 2 on (R Z ,B® Z ), we call F 1 * P 2 the "convolution 
of Pi with P2." Pi * P2 is the image distribution of Pi (g> P2 by the mapping 
already defined. Since this operation is clearly associative, we can denote 
P* fc to be the convolution of k identical copies of P. 

Definition 5.1. Let P be a distribution on (R Z ,B® Z ), P is infinitely 
divisible (ID) if, for all integers k, there exists a distribution P^ on (R Z ,B® Z ) 
such that P = Pf . 

We remark that this definition forces the finite-dimensional distributions 
to be ID. 
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5.2.1. Levy measure of an ID stationary process. We have, as in the 
finite-dimensional case, a representation, due to Maruyama (see [8]), of char- 
acteristic functions of the finite-dimensional distributions of an ID stationary 
process of distribution P (we denote by a a sequence {ai}i S z where only a 
finite number of coordinates are nonzero and call 21 their union in 



E[expi{a,X)j 

(5.1) 



exp 



URa,a)+i(a,b 00 )+ f (e i{a ' x) - 1 - i(c(x), a))Q{dx) 

JR Z 



where R is the covariance function of a centered stationary Gaussian process, 
£ is a sequence identically equal to b and Q is a cr-finite measure 
on (M. Z ,B® Z ) invariant with respect to the shift and such that Q{0} = 
(where {0} is the identically zero sequence), J k z(xq A l)Q{dx) < +oo and 
c(x)i = -l]_oo _ 1 [ + a:il[_ 1)1 ] + lj 1;0o[ . 

{R, b, Q) is called the generating triplet of P. 

The dynamical system (M z , Q, T) will be our main concern in the 
sequel. 

When the process is integrable and centered, we have the following rep- 
resentation, where R and Q are unchanged: 



(5.2) E[expi{a,X)\ = exp 



■URa,a) + [ (e i{a ' x) - 1 - i{a,x))Q(dx) 



Finally, if the process only takes positive values (and then without Gaus- 
sian part), we can write down its finite-dimensional distribution through 
their Laplace transforms, with a G 21 n 

(5.3) E[exp-(a,X)] = exp -(a,^) - / (1 - e~ {a ' x) )Q(dx) 
If, moreover, it is integrable, under this representation, we have 

E[X ] = b+ [ x Q(dx). 

Remark 5.2. If we are given a covariance function R, a drift b and 
a measure Q satisfying the hypothesis specified above, it determines the 
distribution of an ID process of generating triplet {R, b, Q) by defining its 
finite-dimensional distribution through the representation (5.1). Then we 
can apprehend the extraordinary variety of the process at our disposal. 

Definition 5.3. An ID process is said to be Poissonian (IDp) if its 
generating triplet does not possess a Gaussian part. 

In the sequel, when we will speak of IDp process with Levy measure Q, 
we will consider a process whose generating triplet is (0, 0, Q) under the 
representation (5.1). Of course, the drift has no impact in our study. 
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5.3. First examples and representation. 

5.3.1. Canonical example. Maruyama in [8] has given the canonical ex- 
ample of an IDp stationary process: 

We consider a Poisson suspension (Mq, M.T-, V/i, T*) above //, T) 

and a real function / defined on (p,,F, fi,T) such that Jq d/j, < +oo. 
We define the stochastic integral /(/) by the limit in probability, as n tends 
toward infinity, of 



Then the process X = {1( f) o T* n } ng z is IDp and its distribution is given 



Maruyama has also shown in [8] that all the IDp processes can be rep- 
resented this way: consider Q, the Levy measure of an IDp process of gen- 
erating triplet (0,0,(5), let (^W-i-^b^^Qi^*) be the Poisson suspension 
with base B® z , Q, T) and / the mapping Xq : {xi}i & z •— ► ^co- 
Theorem 5.4 (Maruyama). The process {I(X )oT i ' n } ne z admits (0,0, Q) 
as generating triplet. 

This theorem is crucial since it allows us to consider an IDp process as a 
factor of a Poisson suspension, precisely the Poisson suspension constructed 
above its Levy measure. The factor map is v — ► {I(xo) oT* n } n€ z, defined on 
M R z with values in 1R Z . 

5.4. First factorization. It is obvious that the convolution of two ID 
distributions is still ID, the class of this type of distributions being closed 
under convolution. Given a stationary ID distribution, we ask when it is 
factorizable, that is, can it be written as the convolution of two or more 
ID distributions? An immediate factorization comes from the representa- 
tion (5.1): 

Suppose that P admits the triplet (R, b, Q) . If P s admits the triplet {sR, sb, sQ) 
and Pi_ s admits the triplet ((1 - s)R, (1 - s)b, (1 - s)Q) with < s < 1, then 



The representation (5.1) allows another more interesting factorization. 
Letting F R of triplet (R, 0, 0) , P b of triplet (0, b, 0) and Pq of triplet (0, 0, Q) , 




by 




P = P S *P!_ S . 



we have 



P = P R *P fe *P Q , 
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where Fr is the distribution of a stationary centered Gaussian process, P& 
is the distribution of a constant process and Pq the distribution of an IDp 
process. 

5.5. Factorization through invariant components of the Levy measure. 
We can apply to Q the decomposition Q = Qb + Qm + Qwm + Qne along the 
four disjoint shift-invariant subsets as in Proposition 2.11. By considering 
(5.1), we get the following factorization result: 



Theorem 5.5 (Factorization of a stationary IDp process). Let P be the 
distribution of a stationary IDp process. P can be written in the unique way: 



where: 

(R Z ,B® Z ,Q B ,T) is dissipative, 

(M. z , B® z , Q m , T) is conservative of zero type, 

(M. z , B® z , Q wm , T) is of type IIoo and of positive type, 

(R z ,B® z ,Q ne ,T) is of type Hi. 



Since these classes are not empty for the corresponding Poisson suspen- 
sions, we deduce they are not empty for the IDp processes by considering 
stochastic integrals with respect to these Poisson suspensions. 



5.6. Ergodic properties of stationary IDp processes. Before enunciating 
the properties of each class, we will need the following lemma which is the 
interpretation, in our framework, of a computation done by Rosihski and 
Zak in [17]. Their computation led to show that, if X is an IDp process, the 
spectral measure of e lX ° —~E[e lX °] has the form |E[e l ^°]| 2 e(m) (we still use 
the notation 

+oo , 

< m ) : =Er7 m * fc < 
k=i K - 

where m is a finite measure on [— vr,7r[). We will see that m is indeed itself a 
spectral measure, but for the system associated to the Levy measure of X. 



Lemma 5.6. Let X be an IDp process of Levy measure Q. The spectral 
measure of e lX ° — E,[e tX °] is |E[e* x °]| 2 e(o"), where a is the spectral measure 
of e lX ° — 1 under Q . 



Proof. In [17], the following formula is established: 

exp / (e l 



m e iXo e iX k l = |M e i*0j|2 



l)(e*v-l)Q , k (dx,dy) 
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where Qo,fc is the Levy measure of the ID vector (Xo,Xk). But, since we 
make use of the Levy measure of processes, this formula can be written into 



E[e iX °e iX k] = \E[e iX °]\ 2 (exp 
which equals 



/ {e ixo - l)(e ix >< - l)Q(dx) 



+00 ^ 



|E[e^]| 2 (exP<^)) = |E[e^]| 2 



n=0 



where a is the spectral measure of e tX ° — 1 under Q. The conclusion follows. 
□ 



Theorem 5.7. (R £ ,B® £ ,F Qne ,T) is not ergodic. 
(R z ,B® z ,F Qwm ,T) is weakly mixing. 
(R z ,B^ z ,F Qm ,T) is mixing of all order. 
(R z ,B® z ,Fq b ,T) has the Bernoulli property. 

Proof. There exists a probability measure v which is T-invariant and 

equivalent to Q ne . Let / := \J [note that is just (-j^)' 1 ] and 

AeK. 

The spectral measure of e iXX ° - 1 under Q ne is the spectral measure of 
j e i\x _ j under v. The set {/ < a} is T-invariant since / is T-invariant, 
moreover, this set is of nonzero measure if a is large enough. Thus, the 
spectral measure of f e iXXo - f under v is the sum of the spectral measures 
of ( /e iAX _ f)i {f<a} a nd (fe iXX ° - /)l {/ >„ } under v. 

If (fe lXX ° — /)l{/< a } is centered, we have 

f(x)e iXxo v{dx) = f f{x)v{dx) e R. 

M z n{/<a} 7M z n{/<a} 

This implies 

f(x)[l — cos(Xxo)]u(dx) = 0. 



/ 



f<a} 

Since / is nonnegative on {/ < a} z^-a.e., this implies that cos(AXo) = 1 
on {/ < a} z^-a.e. or that XXq = mod. it. But this is impossible for all 
A S R simultaneously. 

That is, there exists A £ R such that (fe lXX ° — /)l{/< a } is not centered 
and this implies that the spectral measure of e lXX ° — 1 under Q ne possesses 
an atom at 0. This atom is also in the spectral measure of e tXX ° — K[e lXX °] by 
Lemma 5.6 and then in the maximal spectral type, which prevents ergodicity. 

(R z ,B® z ,F Qwm ,T) is a factor of (M^M^Vq^T*), which is weakly 
mixing. 
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The rest of the properties are proved in the same way by considering the 
system as a factor of the corresponding Poisson suspension whose properties, 
such as mixing of all order and Bernoullicity, are inherited by its factors (see 
Proposition 2.15). □ 

We are now able to give a new proof of the important theorem of Rosihski 
and Zak (see [17]). 

Theorem 5.8. IfF is IDp and ergodic, then F is weakly mixing. 

Proof. Let F = F Qb * F Qm * F Qwm * F Qne be the factorization of F from 
Theorem 5.5 with FQ ne nontrivial. Thus, {X n } n( zz of distribution F can 
be seen as the independent sum of {X^n&z of distribution Fq b * PQ m * 
Pg mm * ^Q wm and {A 2 } neZ of distribution F Qne . From the first part of the 
proof of Theorem 5.7, there exists A € M such that the spectral measure 
of e lXX o — ~E[e lXX o] is of the form |E[e iA;><: o]| 2 e((7 2 ), with a 2 possessing an 
atom at 0. The spectral measure of e lXX o — K[e iXX o] is |E[e* AX o]| 2 e(c7 1 ) for 
a measure a . An easy computation shows that the spectral measure of 
e iAX _ E [ e iAX ] = e i{\Xl+\Xl) _ ^(AXi+AXo 2 )] is |E[e iAX °] ^(ct 1 + <r 2 ) but 

since a 1 has an atom at 0, so has lEfe 1 ^ ] ^(cr 1 + c 2 ) and the process is not 
ergodic. Then, if F is ergodic, FQ ne is trivial and P writes Fq b * Fg m * Pg„ m 
which implies that P is weakly mixing as a factor of the direct product of 
weakly mixing systems. □ 

From Theorem 5.7, the hierarchy of "mixing" properties among ergodic 
IDp processes is explicit. Those process with a dissipative Levy measure 
possess the strongest mixing behavior. 

6. Generalized moving averages IDp processes. 

Definition 6.1. A stationary process {X n } ne z is called generalized 
moving average if there exists an i.i.d. collection of processes {{££} fcezjnez 
such that, in distribution, 




The process {£fc}fcez is a generator of {X n } n& z- 



Theorem 6.2. A stationary IDp process is generalized moving average 
with ID generator if and only if its Levy measure is dissipative. 
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Proof. Consider the distribution P of a generalized moving average 
IDp process of Levy measure Q, the distribution P g of an ID generator for 
it and Q g its Levy measure. Since the process is the sum of the translates 
of independent process of distribution P g , we have 

p = Y[P g oT- k 

fc€Z 

(the product is the convolution) and thus, 

Q = J2Qg°T~ k . 

fcez 

We will show Q is dissipative. Form the space (Z x M. Z ,V(Z) ® B® z ,m c ® 
Q g ,T) where m c is the counting measure on Z and T is defined by T(n, {xi}i^z) = 
(n + 1, {xj}i G z), this system is clearly dissipative. Consider the map ip from 
Z x M. z to M z defined by <p(n, {x;} ieZ ) = T n {xi} i& . We have 

tp o T(n, {xi] i& ) = <f(n + 1, {xi} i& ) 

= T n+1 {xi} ieZ = T{T n { Xi } ieZ ) = T o tp(n, {xi} ieZ ) 

and 

(m c ® Q g ) o p" 1 = J^Qg o T~ k . 

Thus, the map <p is a factor map from (Z x M z , P(Z) ® B® z , m c <S>Q g ,f) to 
(1 Z ,6 8Z ,Q,T), this implies that Q is dissipative. 

Now assume that Q is the dissipative Levy measure of a stationary IDp 
process of distribution P. From Lemma 2.6, there exists a wandering set A 
such that R z = \J neZ T~ n A mod. Q. If we denote by Q g := Q\ A and P g the 
distribution of the ID process with Levy measure Q g , then, since 

Q = Y,Q 9 ° T ~ k > 

k&L 

we obtain that 

fcGZ 

and we can deduce that P 5 is the distribution of an IDp process, generator 
for P. □ 

7. Square integrable IDp processes. Here we consider (with the excep- 
tion of Proposition 7.2) square integrable IDp processes. To motivate this 
section, note that if Q is a (shift)-stationary measure on (]R z ,i3® z ) such 
that J r zXqQ(cIx) < +oo satisfies Q{0} = 0, Q can be considered as the Levy 
measure of an IDp process which will prove to be square integrable. The 
family of Levy measures of this type is hence quite large. 
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7.1. Fundamental isometry. We assume that the process is centered and 
we denote by U (resp. V) the unitary operator associated to T in L 2 (P) 
[resp. L 2 (Q)] and £x (P) [resp. <tx {Q)] the cyclic subspace associated to 
Xq in L 2 (P) [resp. L 2 (Q)]. We establish the following result: 

Proposition 7.1. £^ (P) is unitary isometric to <£x (Q), the unitary 
operators U and V being conjugate. 

Proof. The property comes from the following identities: 

(X fc ,Xp) L 2( P ) = f^x k x p ¥(dx) 

uvF( XktXp )(du,dv) 
uvQ (Xk ,x p )(du,dv) 
x k x p Q(dx) = (X k ,X p ) L 2( Q) 



f 

Jr 



(the equality between J R 2UvF(x k ,x p )(du,dv) and J R 2UvQ(x k ,x p )(du,dv), where 
Q(x k ,x p ) denotes the Levy measure of (X k ,X p ), can be found in [19] page 
163).' 

That is, if we denote by $ the mapping that associates X k in L 2 (P) to 
X k in L 2 {Q) for all fceZ, then $ can be extended linearly to an isometry 
between Cx- (P) and <tx (Q)- The fact that $U = V$ is obvious. 

Thus, has the same spectral measure under P or under Q. □ 



7.2. Ergodic and mixing criteria. We recall the Gaussian case (see [2]), 
where ergodicity and mixing of the system is determined by the spectral 
measure of Xq: 

• The system is ergodic if and only if a is continuous. 

• The system is mixing if and only if a is Rajchman. 

We then observe that, thanks to Proposition 7.1, such criteria no longer 
apply for square integrable IDp processes. Indeed, taking the distribution Q 
of a centered square integrable mixing process, the IDp process with Levy 
measure Q is not ergodic by Theorem 5.7, but the spectral measure a of 
Xq satisfies a(k) — ► as \k\ tends toward infinity. We must then assume 
some restrictions on the trajectories of the process to draw conclusions on 
ergodicity and mixing by only looking at the spectral measure of Xq — K[Xq] . 
We start by a result where integrability suffices. 
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Proposition 7.2. Let X be an IDp process of distribution P such that, 
up to a possible translation or a change of sign, Xq is nonnegative. Then P 
is ergodic if and only if ^J2k=i-Xk — ► E[Xo] P-a.s. [or in i 1 (P)] as n tends 
to infinity. 



Proof. We suppose that Xq is nonnegative and that we have the rep- 
resentation (5.3) through the Laplace transform, a G 21 fl K?: 



E[exp — (a,X)] = exp 



1 



~{a,x) 



Q(dx) 



If one knows that P is ergodic, then the convergence holds thanks to the 
Birkhoff ergodic theorem. 

Suppose now that -J2k=i-Xk ~ ► E[Xo] as n tends to infinity P-a.s. without 
ergodicity of P. The decomposition of P is of the type P e * PQ ne , where P e 
is ergodic. Let X ne be of distribution Pq„ e and X e be of distribution P e , 
assumed independent, such that X ne + X e is of distribution P. 

The fact that ±££ =1 [(X ne + xe )n] -> E[XJ e ] + E[X§\ implies 



1 



n 



k=l 



Hence, using 



E 



Qn 



cxp 



7? 



k=l 



exp 



1 — exp 



12 x k 

k=l 



Qne(dx) 



we note that the term of the left-hand side tends to exp — ^Q ne [Xq] by dom- 
inated convergence and, by continuity of the exponential, we then have 



(7.1) / 1-exp 



1 



n f— ' 



fc=l 



Q ne (dx) ^E Qne [X ] 



Under this representation, we also know, by (5.3), that 



XoQ ne (dx). 



Now consider the probability v which is T-invariant and equivalent to 
Q ne and let / := (f is T-invariant). 

fxQ is ^-integrable and we can apply the Birkhoff ergodic theorem to 
deduce that 



i£/oT^ fc = /-]>> 



converges z/-a.e. and in L^{u) to the conditional expectation of fxQ with 
respect to the invariant cr-field which we denote by z/(/xq|2T). But, since / 
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is T-invariant and nonnegative, u(fxo\I) = fu(xo\I), that is, by dividing by 
/, \Hk=i x k converges u-a.e. to u(x \T). 
Since 



1 — exp 



1 



11 



k=l 



1 



•7'A- 



fe=l 



and by using the fact that f(^J2k=i x k) converges in L 1 (z>), the sequence 
(1 — cxp[— ^J2k=i x k])f is uniformly integrable and, since it tends u-a.e. to 
(1 — exp[— i/(xq\I)]), we observe that 



1 — exp 



1 n 



k=l 



Qne{dx) 



1 — exp 



1 



E 

k=l 



Xk 



\f"(dx) 



tends, as n tends to infinity, to 

(1 - exp[-u(x \T)])fu(dx). 



But since xq > and Qne{0} = (and then ^{0} = 0), we have u(xo\I) > 
z^-a.e., thus, 

(l-exp[-v(xo\T)])fv(dx) < / v(x \T)fu(dx) = x fu(dx), 

that is, the limit, as n tends to infinity of / R zl — exp[— ^J2k=i x k]Qne{dx), 
is strictly less than J R zXoQ ne (dx). This contradicts (7.1), there is no term 
of the form Pq„ e in the factorization of P and P is thus ergodic. □ 



We can now prove a proposition for square integrable processes: 



Proposition 7.3. Let X be an IDp process of distribution P such that, 
up to a possible translation or a change of sign, Xq is nonnegative. Let a be 
the spectral measure of Xq — E[Xo]. 

P is ergodic if and only if o"{0} = 0. 

P is mixing if and only if a is Rajchman. 

Proof. We know that o"{0} equals the variance of E[Xo|2]. Moreover, 
the Birkhoff ergodic theorem tells us that ^J2k=i-^k — > E[Xo|2] P-a.s. Thus, 
if er{0} = 0, E[Xo|X] is constant and equals E[Xo], so we can apply Propo- 
sition 7.2 to conclude. Now if a is Rajchman, by the isometry, a is also the 
spectral measure of Xq under Q and we get J m zXox n Q(dx) — > as n tends to 
infinity and we can apply the mixing criterion established by Rosihski and 
Zak in [16] (Corollary 3, page 282). 

Both converse implications follow from Proposition 3.2. □ 
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8. cc-semi-stable and a-stable processes. We recall the definition of an 
a-semi-stable (resp. a-stable) distribution on (R, <S). Denote by Db the ap- 
plication which associates x € R to bx £ R. Assume that < a < 2. 

Definition 8.1. An a- semi- stable distribution of span b (b > 0) is an 
IDp distribution on (R, B) whose Levy measure v satisfies 

u = b- a D* b (u). 

A distribution is said to be a-stable if it is a-semi-stable of span b for all 
b> 0. 

We will now discuss a-semi-stable and a-stable processes by introducing 
the application S& which associates {x n } n£ z £ R Z to {bx n } n& z- 

Definition 8.2. A stationary process is said to be a-semi-stable of span 
b if it is IDp and its Levy measure Q satisfies 

(8.1) Q = b~ a St(Q). 

A stationary process is said to be a-stable if it is a-semi-stable of span b 
for all b > 0. 

In particular, St, is nonsingular and commutes with the shift T. Remark 
that an a-semi-stable distribution of span b or an a-semi-stable process of 
span b is also a-semi-stable of span t. 

Proposition 8.3. The canonical factorization of Theorem 5.5 of an a- 
semi-stable process of span b is exclusively made of a-semi-stable processes 
of span b. 

Proof. It suffices to show that the T- invariant subsets of the parti- 
tion given in the canonical decomposition of Proposition 2.11 are also Sf,- 
invariant. 

Consider (Jk E ,B m , Q,T), where Q satisfies (8.1). Let <p be the part of 
type Hi of the system, then there exists a T-invariant function / such 
that *p = {/ > 0} and J* K z f dQ = 1. Let b > 0. The function / o 5& is T- 
invariant since / o Sj o T = f o T o Sb = f ° S&. Thus, from (8.1), / R z / o 
SbdQ = J^zfdS^(Q) = b a / RZ / dQ = b a , so the probability measure with 
density b~ a f o Sb with respect to Q is T-invariant. Thus, *p = {/ o Sb > 
0} C <p. By the same arguments, S'^ C and thus, S^ls"^) C S 6 _1 «P 

and this shows S b ~ 1 ' ! $ = 
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Now consider the T-invariant set A/+ of Proposition 2.10. Let A C A/+ be 
such that < Q(A) < +oo. Then 

QdS^A) n T~ k (S^ 1 A)) = Q((S^A) n S^(T~ k A)) 

= Q(S^(AnT~ k A)) 

= b~ a Q(ADT- k A) 

and thus, K^k^ocQiiS^A) HT^iS^A)) = ]hR k ^ 00 b- a Q{AnT~ k A) > 0. 
Then, S^ 1 A C A/+ so we have S^ 1 Af+ C A/+, and, by symmetric arguments, 

Consider D, the dissipative part of the system. From Lemma 2.6, there 
exists a wandering set W such that D = U„ez T~ n W . Let 6 > and consider 
the set S^W [which is of nonzero Q-measure from (8.1)]. We have, if n ^ m, 
T~ n {S^ l W)r\T~ m {S^ l W) = 0; indeed, using the nonsingularity of S b , 

T~ n {S^W) n T~ m {S^ 1 W) 

= S^(T~ n W) n S^ 1 (T~ m W) 

= S^{T~ n W n T~ m W) = 0. 

Thus, S^W is a wandering set, so S b 1 D C Q since 



= (J S^{T~ n W) 
= U T- n (S^W) 



and D is, by definition, the union of all the wandering sets. We conclude 
S~ l ® = ®. 

It is now easy to finish the proof by looking at the invariance of comple- 
ments, intersections, and so on, and show the invariance of each set in the 
partition: 

Du(CnAA )u(AA + nAA)u*p. □ 

Corollary 8.4. The canonical factorization of an a-stable process is 
exclusively made of a-stable processes. 

8.1. SaS -processes and factorizations. The most frequently studied sta- 
tionary a-stable processes are the so-called SoS-processes, where the distri- 
bution is preserved under the change of sign. In our framework, this means 
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that the involution S commutes with the shift T and preserves the Levy 
measure (note that S commutes also with S&). It is easy to see that the 
canonical factorization of an SaS process is only made of SaS processes. 

We now show some connections existing between the decomposition of 
Theorem 5.5 and decompositions of an SaS process previously established 
respectively by Rosihski [13], Pipiras and Taqqu [12] and Samorodnitsky [18]. 
We first recall their results (we refer to these papers for precise definitions), 
the symbol "=" means "equality in distribution." 

Theorem 8.5. A stationary SaS process X admits the unique following 
decomposition, where the sum is made of independent SaS processes: 
(Rosinski) 

X = X^ + X^i + x^! . 

X^ is a mixed moving average process, X% is harmonizable, Xf cannot be 
decomposed as the sum of a mixed moving average (or harmonizable) process 
and an independent SaS process: 

(Pipiras and Taqqu) 

x = x lt + x lt + Xp t + Xp t . 

Xp t is a mixed moving average process, X^ t is harmonizable, X^ t is asso- 
ciated to a cyclic flow without harmonizable component, X^ t cannot be de- 
composed as the sum of a mixed moving average, or a harmonizable process 
or a process associated to a cyclic flow, and an independent SaS process. 

( Samorodnitsky ) 

X — Xg -\- X^ -\- Xg . 

Xj is a mixed moving average process, X^ is associated to a conservative 
null flow, X^ is associated to a positive flow. 

These authors study both discrete and continuous time in the same frame- 
work and, to avoid unnecessary different terminology, use "flow" to designate 
both an action of ffi and of Z. There is a confusing terminology in the liter- 
ature about null and positive flows (see the remark after Proposition 2.10) 
and here, Samorodnitsky uses the one found in Aaronson's book [1]. 

Here we recall that, in general, there can be an infinity of components 
in the decomposition, our criteria were mostly chosen with respect to the 
ergodic properties of the components. In that way, our decomposition is 
closer to Samorodnitsky's: 

Proposition 8.6. Xl has a dissipative Levy measure, Xl + X^ has a 
IIoo Levy measure and X^ has a Hi Levy measure. 
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Proof. Note that Xj, X^ and X^ t have the same distribution. Rosihski 
has shown it is a mixed moving average process which implies that it is a 
generalized moving average (with a SaS generator). By Theorem 6.2, its 
Levy measure is dissipative. Xj was proved to be mixing but, thanks to 
Theorem 5.7, it has indeed the Bernoulli property. 

Samorodnitsky has shown that Xj + X^ is ergodic, thus, by Theorem 5.7, 
its Levy measure is of type IIoo- The same author has also proved that there 
do not exist two independent SaS processes Z\ and Z2, one of them being 
ergodic and such that X^ = Z\ + Z2 and this proves, in our framework, that 
the Levy measure of X| is of type Hi. Indeed, if we write the decomposition 
of Theorem 5.5 X = Xb + X m + X wm + X ne , X ne has the same distribution 
as Xg and Xb + X m + X wm has the same distribution as Xl + Xg. □ 

9. Conclusion. For the sake of simplicity, we have dealt with a single 
transformation, but many of the techniques used here can be applied more 
generally to the study of infinitely divisible objects whose Levy measure is 
preserved by any kind of group actions, for example, the continuous time 
versions of our results are mostly straightforward, as are the multidimen- 
sional or the complex valued ones. The use of Poisson suspensions seems 
"natural" in some way. 

For the interested reader, more ergodic oriented results can be found in 
the Ph.D. thesis of the author and, we hope, will be published soon. 

Acknowledgments. First, the author would like to thank the anonymous 
referee for the very detailed remarks and advice that helped a lot to correct 
the first version of this paper. He is also very grateful to Nathalie Eisen- 
baum, Mariusz Lemahczyk, Krzystof Fraczek, Jean-Paul Thouvenot and 
David Mac Donald. 

REFERENCES 

[1] Aaronson, J. (1997). An Introduction to Infinite Ergodic Theory. Amer. Math. Soc, 

Providence, RI. MR1450400 
[2] Cornfeld, I. P., Fomin, S. V. and Sinai, Y. G. (1982). Ergodic Theory. Springer, 

New York. MR0832433 
[3] Derriennic, Y., Fraczek, K., Lemanczyk, M. and Parreau, F. (2004). Ergodic 

automorphisms whose weak closure of off-diagonal measures consists of ergodic 

self-joinings. Preprint. 
[4] Grabinsky, G. (1984). Poisson process over cr-finite Markov chains. Pacific J. Math. 

2 301-315. 

[5] Gruher, K., Hines, F., Patel, D., Silva, C. E. and Waelder, R. (2003). Power 
mixing does not imply multiple recurence in infinite measure and other coun- 
terexamples. New York J. Math. 9 1-22. MR2016177 

[6] Krengel, U. and Sucheston, L. (1969). On mixing in infinite measure spaces. Z. 
Wahrsch. Verw. Gebiete 13 150-164. MR0254215 



ERGODIC PROPERTIES OF IDP PROCESSES 



27 



[7] Lemanczyk, M., Parreau, F. and Thouvenot, J. -P. (2000). Gaussian automor- 
phisms whose ergodic self-joinings are Gaussian. Fund. Math. 164 253-293. 
MR1784644 

[8] Maruyama, G. (1970). Infinitely divisible processes. Theory Probab. Appl. 15 1-22. 
MR0285046 

[9] Matthes, K., Kerstan, J. and Mecke, J. (1978). Infinitely Divisible Point Pro- 
cesses. Wiley, New York. MR0517931 
[10] Neretin, Yu. A. (1996). Categories of Symmetries and Infinite-Dimensional Groups. 

Oxford Univ. Press. MR1418863 
[11] Petersen, K. (1983). Ergodic Theory. Cambridge Univ. Press. MR0833286 
[12] Pipiras, V. and Taqqu, M. S. (2004). Stable stationary processes related to cyclic 

flows. Ann. Probab. 32 2222-2260. MR2073190 
[13] Rosinski, J. (1995). On the structure of stationary stable processes. Ann. Probab. 

23 1163-1187. MR1349166 
[14] Rosinski, J. (2000). Decomposition of SoS-stable random fields. Ann. Probab. 28 

1797-1813. MR1813849 
[15] Rosinski, J. and Samorodnitsky, G. (1996). Classes of mixing stable processes. 

Bernoulli 2 365-377. MR1440274 
[16] Rosinski, J. and Zak, T. (1996). Simple conditions for mixing of infinitely divisible 

processes. Stochastic Process. Appl. 61 277-288. MR1386177 
[17] Rosinski, J. and Zak, T. (1997). The equivalence of ergodicity and weak mixing for 

infinitely divisible processes. J. Theoret. Probab. 10 73-86. MR1432616 
[18] Samorodnitsky, G. (2005). Null flows, positive flows and the structure of stationary 

symmetric stable processes. Ann. Probab. 33 1782-1803. MR2165579 
[19] Sato, K.-I. (1999). Levy Processes and Infinitely Divisible Distributions. Cambridge 

Univ. Press. MR1739520 

Laboratoire Analyse Geometrie 

et Applications 
UMR 7539 
Universite Paris 13 
99 avenue J. B. Clement 
F-93430 Villetaneuse 
France 

E-MAIL: roy@math.univ-parisl3.fr 



